In this Rapid Communication, we propose, following the spirit of quantum imaging, to generalize the theory of multipartite entanglement for the continuous-variable Gaussian states by considering, instead of the global covariance matrix, the local correlation matrix at two different spatiotemporal points ( ρ,t) and ( ρ ,t ), with ρ being the transverse coordinate. Our approach makes it possible to introduce the characteristic spatial length and the characteristic time of the multipartite entanglement, which in general depend on the number of "parties" in the system. As an example, we consider tripartite entanglement in spontaneous parametric down-conversion with a spatially structured pump. We investigate spatiotemporal properties of such entanglement and calculate its characteristic spatial length and time. Quantum multipartite entanglement is nowadays one of the most actively studied phenomena in quantum optics and quantum information. This striking effect in quantum optics follows from quantum-mechanical description of multimodal optical systems coupled by nonlinear interactions. The quantum theory predicts that, due to this coupling, several parts or modes of such system, named "parties," must share the same quantum state, which cannot be factorized into the product of the states for individual subsystems.
† j ,j = 1, . . . n are the annihilation and creation operators, respectively. The operatorsx j andŷ j can be considered as components of an 2n-dimensional vectorR = (x 1 ,ŷ 1 , . . . ,x n ,ŷ n ). The canonical commutation relations for the operators of the quadrature components can be written as [R j ,R k ] = i jk /2. Here is the so-called symplectic matrix, = ⊕ n i=1 ω, where ω is a 2 × 2 matrix with components ω jk = δ jk−1 − δ jk+1 . Since the Gaussian states are completely characterized by the first-and second-order moments, their common description is in terms of the covariance matrix σ with matrix elements σ jk = 1 2 { R j , R k } + , where R j =R j − R j , and {,} + is anticommutator. The Wigner function of the n-mode CV Gaussian state is a Gaussian distribution in the phase space with the covariance matrix σ . There is a powerful * mikhail.kolobov@univ-lille1.fr formalism for treating the CV Gaussian states in terms of the symplectic eigenvalues ν j . In particular, a quantitative measure of multipartite entanglement is the so-called logarithmic negativity E N , related to the symplectic eigenvaluesν j of the partially transposed covariance matrix [4] .
Considering only global variances of the field quadrature components, one completely neglects the spatiotemporal properties of the electromagnetic field. Recent developments in quantum optics and quantum information have demonstrated that considering the spatiotemporal character of the electromagnetic field can result in variety of new physical phenomena. We can mention such examples as quantum imaging [5] , ghost imaging [6] , quantum holographic teleportation [7] , and X-entanglement [8] . In all these examples taking into account the spatiotemporal nature of quantum fluctuations has made it possible to determine the characteristic spatial area and the characteristic time of such quantum phenomena as squeezing, entanglement, etc. Let us remember that quantum correlations are never completely pointlike in space and instantaneous in time, but are always characterized by a typical coherence area S c and a coherence time T c . In order to observe these quantum phenomena experimentally one has to choose the observation time T and the detection area of a photodetector (or the pixel area in the case of a CCD camera) S such that T T c and S S c . In this Rapid Communication we propose to generalize the theory of multipartite entanglement for the CV Gaussian states by considering instead of the global covariance matrix σ the local correlation matrix σ ( ρ,t; ρ ,t ) at two different spatial points ρ and ρ in the transverse plane and at two different time moments t and t . For stationary-in-time and homogeneous-in-space systems, when the correlation matrix σ ( ρ,t; ρ ,t ) depends only on the differences ρ − ρ and t − t , we introduce the spectral density matrix σ ( q, ). We show that the formalism of the global symplectic eigenvalues ν j can be straightforwardly generalized to the frequency-and spatial frequency-dependent symplectic eigenvalues ν j ( q, ). We introduce the logarithmic negativity E N ( q, ) and investigate its behavior as a function of the frequency and spatial frequency q in order to determine the characteristic length and the characteristic time of the multipartite entanglement.
In order to investigate the spatiotemporal properties of multipartite entanglement of n electromagnetic waves we use the slowly varying photon annihilation and creation operators [9] â j (z, ρ,t) andâ † j (z, ρ,t) of the j th electromagnetic wave propagating along the z axis, with ρ = (x,y) being the transverse coordinate in the plane perpendicular to the direction of propagation. These operators obey the free-field commutation relations:
In what follows we consider these operators at a fixed coordinate z and omit this argument. Let us introduce the operators of the quadrature componentŝ x j ( ρ,t) andŷ j ( ρ,t) at the spatial point ρ in the transverse plane and at the time moment t:
For n electromagnetic waves with slowly varying photon annihilation and creation
The canonical commutation relations for the components of this vector can be written as
where jk are the components of the symplectic matrix introduced above. Since the CV Gaussian states are completely characterized by their first-and second-order moments, we introduce the local spatiotemporal correlation matrix σ ( ρ,t; ρ ,t ) with matrix elements σ jk ( ρ,t; ρ ,t ):
where jk ( ρ,t; ρ ,t ) is equal to
being a local fluctuation of of the j th component of the vectorR j ( ρ,t) at the spatial point ρ and at the time moment t. We generalize the Wigner function of the n-mode CV Gaussian state used for the global description of the multipartite entanglement, by a Wigner functional which is a Gaussian functional in the phase space with the correlation matrix σ ( ρ,t; ρ ,t ). Let us note that similar description in terms of the local spatiotemporal Gaussian states was used recently in the unified theory of quantum imaging [6] and in the quantum theory of optical communications [10] . For stationary-in-time and homogeneous-in-space systems the correlation matrix σ ( ρ,t; ρ ,t ) depends only on the time difference τ = t − t and the coordinate difference ξ = ρ − ρ . For such systems we introduce the spectral density matrix σ ( q, ) [11] with the following components:
Let us remark that Eqs. (4) and (5) guarantee that σ ( q, ) is a real and symmetric matrix as the covariance matrix σ in the case of the global analysis of multipartite entanglement. We can, therefore, evaluate the symplectic eigenvalues ν j ( q, ) of the spectral density matrix σ ( q, ). These symplectic eigenvalues now depend on the frequency and the spatial frequency q and contain all the information about the characteristic coherence time and the characteristic coherence length of the multipartite entanglement.
In this Rapid Communication we investigate the simplest case of the tripartite entanglement which can be produced in parametric down-conversion with two symmetrically tilted plane waves serving as a pump [12] . For simplicity we consider a case with one transverse dimension x.
The scheme of parametric down-conversion is shown in Fig. 1 . We consider two plane monochromatic pump waves with frequencies 2ω 0 and wave vectors k p with transverse components q 0 and −q 0 at the input to the crystal,
with α being the real amplitude. Due to the parametric downconversion in the nonlinear medium each of these pump waves will create its own signal and idler waves with a broad spectrum of frequencies and spatial frequencies q. In the case of type I degenerate noncollinear phase matching at ω 0 , for monoaxial crystal with an optical axis oriented along the z axis, one can show that parametric down-conversion couples three waves with the Fourier amplitudesâ(z, ± q 0 + q, ) ≡â ± (z,q, ) andâ 0 (z,q, ) [9] . Using the unitary transformation to the new modesb ± (z,q, ),
we obtain the following system of two coupled equations for 0 (z,q, ) =â 0 (z,q, ) exp {−iδ 0 (q, )z} andˆ ± (z,q, ) = b ± (z,q, ) exp {−iδ ± (q, )z}, describing the parametric interaction in the nonlinear medium, and one decoupled equation for the modeˆ − (z,q, ),
Here λ is a coupling constant proportional to the amplitude α of the pump,
2 are the z components of the wave vectors for the three interacting waves.
We have found the analytical solutions of Eqs. (9) at the output of the crystal, z = l, in the form of a unitary transformation:
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In order to save the space we do not give in this Rapid Communication the explicit form of the coefficients U a,b (q, ) and V a,b (q, ). We have used Eqs. (10) for evaluation of the spectral density matrix σ (q, ) for the three coupled modeŝ a 0 (l,q, ),b + (l,q, ), andb − (l,q, ) at the output of the crystal. After some lengthy calculation we obtain
where A(q, ),B(q, ),C(q, ),D(q, ) are the real functions expressed through U a,b (q, ) and V a,b (q, ), I 1 is the 2 × 2 identity matrix. The spectral density matrix σ (q, ) of the initial three modesâ 0 (l,q, ) andâ ± (l,q, ) can be expressed using Eq. (8) . We arrive at the same symplectic transformation as in Ref. [12] for the global analysis of the tripartite entanglement in this scheme. Equation (11) illustrates the possibility of unitary localization of the multipartite entanglement first discovered by Serafini, Adesso, and Illuminati in Ref. [13] . Indeed, it follows from this equation that using the unitary transformation (8) we are able to "concentrate" the initial entanglement of the three modesâ 0 (l,q, ) andâ ± (l,q, ) described by the spectral density matrix σ (q, ) just in two spatiotemporal modeŝ a 0 (l,q, ) andb + (l,q, ), completely decoupling the third modeb − (l,q, ), which remains in the vacuum state. This result generalizes similar a conclusion, from Ref. [12] for the global covariance matrices σ and σ , into the spatiotemporal multipartite entanglement. It is worth noting that our spectral density matrix σ (q, ) for q = 0 and = 0 coincides with the covariance matrix σ given by Eq. (15) in Ref. [12] .
As a quantitative measure of entanglement between two spatiotemporal modesâ 0 (l,q, ) andb + (l,q, ) we evaluate the logarithmic negativity E N (q, ) [14] as a function of frequency and spatial frequency q. We first calculate the spectral density matrixσ (q, ) of the partially transposed state, obtained by changing the signs of the quadrature componentsp j (q, ) for the modesâ 0 (l,q, ) andb + (l,q, ). Then we evaluate the symplectic eigenvaluesν(q, ) of the spectral density matrixσ (q, ). Two symplectic eigenvalues are given bỹ
and the third is equal to unity. The logarithmic negativity E N (q, ) is found as
The global description of the tripartite entanglement corresponds to the situation when the light waves are detected without spatial and temporal resolution, that is, when the detection area S and the detection time T are much larger than the coherence area S c and the coherence time T c . This situation corresponds to q = 0 and = 0. Therefore, we recover the logarithmic negativity evaluated in Ref. [12] as a limit E N (q = 0, = 0). When the transverse component q 0 of the tilted pump waves is small with respect to the wave vector k 0 , the phase mismatch (q, ) has a simple form,
where the characteristic frequency c and spatial frequency q c are given by
In Fig. 1(a) we have represented, for λl = 1, the contour plot of the logarithmic negativity E N (q, ) as a function of the dimensionless frequency˜ = / c and the dimensionless spatial frequencyq = q/q c . One can see that E N (q, ) has a characteristic X shape as in the case of X-wave entanglement [8] , which is due to the hyperbolic form of the phase mismatch, (q, )l =˜ 2 −q 2 , for small values of˜ andq. We are convinced that this analogy with X-wave entanglement is not accidental and intend to study this analogy in detail in the future. The lighter color in Fig. 1(a) indicates the regions of˜ andq where the entanglement is higher; the deeper color corresponds to smaller values of logarithmic negativity.
In Fig. 1(b) we have traced the logarithmic negativity E N (q) as a function of the dimensionless spatial frequency evaluated 050302-3 at = 0. This situation corresponds to the observation of the tripartite entanglement over time T much longer than the characteristic coherence time T c . Using Fig. 1(b) we can define the characteristic spatial frequency q e of the tripartite entanglement as the lowest spatial frequency at which E N (q e ) = 0. For large values of the squeezing parameter r = λl 1 we have obtained an estimation of q e as q e ≈ √ 2rq c . We define the characteristic length l e of the tripartite entanglement as the reciprocal of the characteristic spatial frequency, l e = 2π/q e . Similar definitions can be introduced for the characteristic frequency e and the characteristic time T e using the logarithmic negativity E N ( ) at q = 0, which corresponds to the observation of the total light beams without spatial resolution. For r 1 we obtain the characteristic frequency as e ≈ √ 2r c and the characteristic time T e = 2π/ e .
The scheme for the generation of tripartite entanglement with spatially structured pump can be generalized to multipartite entanglement of the order 2N + 1 by using 2N symmetrically tilted plane waves as a pump field for a parametric crystal [12] . We have applied our theory of spatiotemporal multipartite entanglement for such a model and have found its analytical solution as well. One of the most interesting results of our approach is the behavior of the characteristic frequency e and the characteristic spatial frequency q e of the multipartite entanglement as the number of entangled modes 2N + 1. 
These relations show that the characteristic length l e and the characteristic time T e of the multipartite entanglement, in general, depend on the number of modes or parties in the system. In our model, both l e and T e decrease with the number of modes N as N −1/4 . This rather slow scaling with the number of modes is due to the particular nature of our model. We expect that for another kind of coupling between different spatiotemporal modes in the system will result in another scaling law of l e and T e with the number of modes N . Thus, investigating the scaling behavior of the coherence time and the coherence length as a function of the number of modes could be a method for understanding the nature of the multipartite entanglement in the system.
In conclusion, we have introduced a generalized spatiotemporal correlation matrix for characterizing spatiotemporal properties of multipartite entanglement. Using this matrix we have evaluated the typical spatial length of tripartite entanglement in parametric down-conversion with a spatially structured pump. 
